SAMPLING THEOREMS ON LOCALLY COMPACT GROUPS FROM 

OSCILLATION ESTIMATES 



H. FUHR AND K. GROCHENIG 

Abstract. We present a general approach to derive sampling theorems on locally com- 
pact groups from oscillation estimates. We focus on the L 2 -stability of the sampling 
operator by using notions from frame theory. This approach yields particularly simple 
and transparent reconstruction procedures. We then apply these methods to the dis- 
cretization of discrete series representations and to Paley- Wiener spaces on stratified Lie 
groups. 



1. Introduction 

The sampling theorem of Shannon- Whittaker-Kotel'nikov is the prototype of any sam- 
pling theorem. It states that a function / 6 L 2 (M) with supp / C [—1/2,1/2] can be 
reconstructed from its sampled values f\% by the cardinal series 



7r(x — k) 

with convergence both in the L 2 -norm and uniformly. A related property is the norm 
equality 

(2) 11/111 = El^)! 2 - 



In communication theory and signal processing is considered the paradigm of a 
digital-analog conversion, in applied mathematics the study of sampling and reconstruc- 
tion theorems has become a independent and very active field (as is documented by the 
collections jUlE])- But the Shannon sampling theorem is also important in investigations 
that are not primarily motivated by applications. Sampling and interpolation problems 
form a whole branch of complex analysis [21]. Since by a theorem of Paley and Wiener 
a function is bandlimited if and only if it possesses an extension to an entire function of 
exponential type, spaces of bandlimited functions are often called Paley-Wiener spaces. 

In this paper, we adapt the point of view that the sampling theorem is a phenomenon 
in harmonic analysis; the search for generalizations of the cardinal series in (nonabelian) 
locally compact groups is an interesting problem in itself, and abstract sampling theorems 
reveal new aspects of the analysis on locally compact groups. 
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The Shannon- Wittaker-Kotel'nikov sampling theorem (JTJ and (J2J) follows directly from 
the Poisson summation formula and is thus in the realm of locally compact abelian groups. 
Indeed, a version of the sampling theorem for LCA groups was formulated early on by 
Kluvanek 

If K is replaced by a nonabelian locally compact group G, one is faced with several 
fundamental questions: 

(a) What is the appropriate concept of a bandlimited function on G? 

(b) How to formulate and prove sampling theorems in the spirit of (JTJ? 

(c) Which sets in G can take the role of Z C 1? What is "uniform" and "nonuniform" 
sampling in G? 

These questions are of course interrelated and depend very much on which notion of 
bandlimited functions on G is chosen. 

A natural attempt consists in replacing the Fourier transform on R by the operator- 
valued Fourier-Plancherel transform on G. A function is then said to be be bandlimited, 
if its Fourier-Plancherel transform is supported in a given (quasi)-compact set of the dual 
object G. This notion was pursued by Dooley for motion groups, i.e., semidirect products 
of the form G = Mr x K, for a compact matrix group K ^T]. He derived uniqueness 
theorems for the resulting functions spaces together with reconstruction procedures. 

In a different direction, Pesenson [21] investigates sampling problems on stratified nilpo- 
tent Lie groups G. In his context, the Fourier transform on M is replaced by the spectral 
decomposition of the (left-invariant) sub-Laplacian on G. A function is then called ban- 
dlimited, if it belongs to the range of a spectral projection of the sub-Laplacian. Using 
a delicate optimization argument, he proved uniqueness theorems for spaces on bandlim- 
ited functions. More generally, in a series of papers 1251 I2E] Pesenson proposed an 
abstract notion of bandlimitedness associated to any (unbounded) self-adjoint operator 
on a Hilbert space and applied this idea to a variety of situations. 

Our contribution is threefold. 

First, we develop the technique of oscillations estimates for sampling in left-invariant 
closed subspaces of L 2 (G) with a reproducing kernel. This technique has been developed 
in the early 90 's to treat nonuniform sampling of bandlimited functions and of generalized 
wavelet transforms [To"! |22J • Recently oscillation estimates have been rediscovered and 
adapted to sampling in shift-invariant spaces [T], in reproducing kernel Hilbert spaces 
and sampling in Paley- Wiener spaces on manifolds [To] . 

Second, we solve the discretization problem for the continuous wavelet transform with 
respect to discrete series representations j2J. This is equivalent to a sampling theorem for 
the generalized wavelet transform and amounts to the construction of frames contained in 
a single orbit of the group action. Our contribution closes a technical gap in the literature 
(where the discretization was shown under an additional integrability condition [22])- 

Third, we derive a sampling theorem for bandlimited functions on stratified nilpotent 
Lie groups. The main theorem is a generalization of a celebrated theorem of Beurling [7] 
from W 1 to stratified groups. Though some of the proof ideas are similar in spirit to 
Pesenson's j21], our approach yields a significant technical simplification and several new 
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insights. The stability of the sampling procedure is made explicit by formulating an ana- 
logue of Shannon's theorem (|TJ and (j2J), and — at least in principle — the reconstruction 
of a bandlimited function from its samples is stable and constructive. 

Notation. In the following, G denotes a second-countable non-compact, locally com- 
pact group. Then L 2 (G) is a separable Hilbert space. We denote integration against 
Haar measure by f G ■ dx, and use \A\ to denote the Haar measure of a Borel set A C G. 
U e denotes the neighborhood filter at unity. The left regular representation L of G 
acts on L 2 (G) by L x f(y) = f(x~ 1 y). Given a function / on G, we let f*(x) = /(x^ 1 ) be 
the usual involution. In the following, we will use frequently that for f,g G L 2 (G), the 
convolution / * g* is a well-defined continuous function vanishing at infinity, and that the 
convolution can be written as the inner product / * g*(x) = (/, L x g). 

Acknowledgement. Part of this work was carried out when both authors were visiting 
the Erwin Schrodinger Institute in Vienna. We would like to thank ESI for its great 
working conditions and creative research atmosphere. 

2. Sampling theorems and frames 

In this section we recall a few general properties of spaces with sampling expansions 
and observe their close relationship to reproducing kernel Hilbert spaces. This connection 
allows us to view reconstruction formulas as a discretization of the reproducing kernel. 

The basic notion considered in this respect is that of a sampling set. 

Definition 2.1. Let TC C L 2 (G) be a leftinvariant closed subspace consisting of continu- 
ous functions. A discrete subset r C G is called sampling set (for TC) if the restriction 
map Rt :/(—»• /I r is a topological embedding TC — > £ 2 {T), i.e., if there exist constants 
< A < B < oo such that, for all f ETC, 

(3) mi 2 <j2\fw\ 2 < B \\n 2 ■ 

When using the optimal constants in (|5]L the quantity B j A is called tightness of the 
sampling set. □ 

The sampling theorems in fTJ are concerned with establishing that Rr is injective, 
whereas we are interested in criteria to show that Rj* is a topological embedding. 

We first show that for left-invariant spaces the continuity of the sampling process implies 
the existence of a reproducing kernel for TC that is given by convolution with a suitable 
L 2 -function. 

Theorem 2.2. Let TC C L 2 (G) PI C(G) be closed and leftinvariant. Assume that there 
exists 7 G G such that the point evaluation f i— ► f(j) is a continuous linear functional on 
TC. Then there exists a unique function p ETC with the following properties: p = p * p* , 
and the orthogonal projection onto TC is given by the map f i— > / * p* . Furthermore, TC 
consists of continuous functions vanishing at infinity. 

Proof. By the Riesz representation theorem there exists p 1 G TC such that /(7) = 
(/,p 7 ) holds for all / ETC. We let p = L 7 -ip 7 . Since TC is leftinvariant, L 7X -if G TC, and 
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we obtain for all x G G that 

f[ x ) = /(x7 _1 7) = (L 7X -if)^y) = (L JX -if,pj) = (/, L^L"^)) 

= (f,L x p) = f*p*(x) . 

Consequently, if / G H, then f = f * p*, and if / G H ± , then f * p* = 0. Thus the 
orthogonal projection onto Ti is indeed given by right convolution with p* and Ti consists 
of continuous functions vanishing at infinity. 

Inserting / = p, we obtain p = p * p*, and thus p* = (p * p*)* = p * p* = p. For 
uniqueness, assume that q G Ti. with q = q*q*, and such that / h- > f * q* is the projection 
onto Ti. Observe that then q = q* and p = p* , and therefore 

q = q* = (q * p)* =p**q*=p*q=p. 

□ 

Recall that a frame in a Hilbert space Ti is a family (rji)i & i satisfying for all / G Ti. 
the inequalities 

A\\f\\ 2 <J2\^^\ 2 ^ B W ' 

for constants < A < B < oo. 

It has been observed on several occasions that sampling theorems in reproducing kernel 
Hilbert spaces are closely related to frames. The following result formulates this for the 
group case. 

Corollary 2.3. Let Ti C L 2 (G) a leftinvariant closed subspace consisting of continuous 
functions, and such that point evaluations are continuous on Ti. Let p be the associated 
reproducing kernel ofTC. Then the following are equivalent. 

(a) r is a sampling set. 

(b) The family (L 7 p) 7er is a frame ofH. 

Proof. The statement follows from the fact that sampled values and frame coefficients 
coincide. □ 

Remark 2.4. The previous observations allow us to apply well-known results from frame 
theory to obtain sampling expansions. In particular, the reconstruction of a function from 
its samples can be achieved by the frame algorithm ^21 IE] ■ Let 

(4) Sf = L,p)L,p = f(l)L,P 

be the frame operator associated to the family {L 7 p : 7 G T}. Then (Sf, f) = X] 7 er 1/(7) | 2 — 
A||/|| 2 for / G TC, and so 5* is invertible on H. Set e~ 7 = 5'~ 1 (L 7 p), the so-called dual 
frame, then 

(5) / = S-'Sf = s- i {J2 = E > 

and so we have a sampling expansion that is in complete analogy to the cardinal series ((TJ . 
The above series (J3J) converges unconditionally in L 2 (G) by frame theory, but it also 
converges uniformly. Since f(x) = (f * p*)(x) = (f,L x p) and thus \f{x)\ < ||/||||p|| 
uniformly in x G G, we obtain the uniform convergence of (0) from the L 2 -convergence. 
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The reconstruction formula can be simplified in the following two cases. 

If the sampling set is tight, i.e. A = B in Q, then the frame operator S is A • Id-^, and 
so e~ 7 = S' _1 (L 7 p) = \L^p. The reconstruction / = -| J2^r f{l)^iP ls then the exact 
analog of (JTJ). 

Furthermore, if the sampling set T is a subgroup, then 5* commutes with the translations 
L 7 ,7 G T, and so S f_1 (L 7 p) = L~ / S~ 1 p = L 7 e for a single function e &TC. As a result we 
obtain the following analog of Shannon's sampling theorem: 

(6) f(x) = J2fh)(L,P)(x) . 

This reconstruction formula is in nice correspondence to the continuous formula 

(7) f(x) = (f,L x p) = [ f{y){L y p*){x)dy . 

J G 

Now (jUJ) is easily recognized as a Riemann sum analog of (J7J). Hence one expects that 
p ~ crp, as the tightness of the frame approaches one. □ 

Remark 2.5. In the light of Theorem 12.21 Dooley's definition of bandlimited functions 
turns out to be too large for the existence of Shannon-type sampling theorems. Using 
the Plancherel formula for the motion group, one can show that Dooley's spaces have an 
L 2 — reproducing kernel only if the group G is a finite extension of a vector group. See 
fU\ for more details. □ 

3. Sampling and oscillation estimates 

The sampling theorems obtained in this paper are derived using L 2 -estimates of the 
oscillatory behavior of the functions under consideration. Following [22], we define the 
modulus of continuity, the so-called oscillation, of a function / on G. 

Definition 3.1. For a function / on G and a set U C G, we define 

oscu(f)(x) = sup \f(x) - f(xy~ l )\ . 
yeu 

□ 

Clearly, U C U' implies oscu(f) < oscu'(f) pointwise. Moreover, if U is relatively 
compact and / is continuous, then oscu(f) is well-defined everywhere and continuous: 
Indeed, for x.z G G, 



\oscu(f)(x) - OBCu(f)(z)\ 



mp\f(x)-f(xy x )| - sup \f(z) - f(zy ^ 

< SUp \f( X )-f( X y-l)\-\f( Z )-f( Z y-l)\ 

yeu 

< \f(x) - f(z)\ + sup \fixy- 1 ) - /(zy- 1 )] . 

yeu 

If z — *■ x, then the first term tends to zero by continuity of /. The second term goes to 
zero, because / is (left) uniformly continuous on the relatively compact set xU. 

We next consider conditions on the sampling set. These requirements are quite intuitive 
and generalize certain density concepts from M n to G. 
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Conditions of this type are often encountered in connection with discretization, see e.g. 



Definition 3.2. Let U,W C G he Borel, and T C G countable. 

(a) T is called U-dense if YU = U 7er 7^ = G. 

(b) T is called W-separated if \jW H j'W\ = for distinct 7,7' £ T. Y is called 
separated if it is ly-separated for some W 6W e . 

(c) T is a quasi-lattice if there exists a relatively compact Borel set C, such that T is 
both C-separated and C-dense. Such a set C is called a complement of T. □ 

The main example of a quasi-lattice is a cocompact, discrete subgroup T < G (often 
called a lattice in G). Here any relatively compact fundamental domain of T, i.e. a 
relatively compact set of representatives mod T, can be chosen as a complement C. 
However, the concept of a quasi-lattice is strictly weaker than that of a cocompact discrete 
subgroup, and quasi-lattices may exist even in groups that do not admit a lattice. 

We next collect some technical lemmas in connection with separated and dense sets. 

Lemma 3.3. For every U £ W e there exists a separated U-dense set. 

Proof. Let V £ U e satisfying VV^ 1 C U . Choose a ^-separated set Y that is maximal 
with respect to inclusion. Then by maximality, for every g £ G there exists 7 £ T such 
that gV PI -yV 7^ 0. But this implies g £ jVV" 1 C jU, and so Y is [/-dense. □ 

The following lemma provides a substitute for a uniform partition of G. 

Lemma 3.4. Let U,W £ U e with W C U, and Y C G be a W-separated and U-dense 
set. Then there exist relatively compact Borel sets (V 7 ) 7g r such that W C C U and 
(7VC r ) 7gr is a partition of G, i.e., G = |J* er 7y 7 as a disjoint union. 

Proof. Since G is cr-compact, the cardinality of disjoint translates of W £ U e can be 
at most countable. Since Y is ^-separated and [/-dense, Y must be countable. We may 
therefore enumerate Y using a bijection N — > Y and write Y = {7^ : k £ N}. Now let 
A = G \ U 7 er lW 1 which is a Borel set. We define recursively 



We claim that the V^'s have the desired properties. Clearly, W C V 7 C U and the V^.'s 
are measurable by construction. Now suppose that g £ "fjVj. fl 7fcV^, fc for j < k. On 
the one hand, if g £ 7a : H / , then g £ G \ A, whereas g £ jjVj implies g £ •jjW. This 
contradicts the H^-separatedness. On the other hand, if g £ A, then 



mm 




Observe that the union is disjoint, since ^kW C G\A, whereas 




n-1 



s£(An 7fc [/)\|J^ 



i=i 



which contradicts g £ 7jVj, as j < k. 
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Finally, let g G G be arbitrary. If g G TW, then W C shows g G r yV 1 for a suitable 
7. In the other case let k G N be minimal with k G ^kU ■ Then (7 G 7fcV^ fc , since 

fc-l fc-i 

lk v k d (An 7fe ?7) \ |J 7i v 7i d (A n lk u) \{jnU . 

8=1 8=1 

By assumption on fc, g is contained in jkU, but not in j{U, for i < k, which proves the 
statement. □ 
The next theorem shows how to derive sampling theorems from oscillation estimates. 

Theorem 3.5. Let U,W G lA e and W C U and V C G be U -dense and W -separated 
set. Let H, C L 2 (G) be a closed, leftinvariant subspace ofL 2 (G) consisting of continuous 
functions and assume that there exists e, < e < 1, such that ||osc[/(/) H2 < e||/||2 for all 
f EH. Then T is a sampling set for 7i. More precisely, we have the estimate 

(9) - e) 2 ||/||* < \\Rrf\\l < -^(1 + ef\\f\\l , V/ G H 

Proof. Let (V 7 ) 7g r be the family of Borel sets asserted by Lemma EH We introduce 
the auxiliary operator Q : £ 2 {T) — > L 2 (G) defined by 

<3((c 7 ) 7er ) = ^c 7 L 7 xf 7 • 

Since the sets r )V 1 are pairwise disjoint and \W\ < \Vy\ < \U\, Q is a well-defined bounded 
operator with operator norm \\Q\\oo = sup 7gr \ V^\ < \U\. More importantly, Q has a 
bounded inverse on its range with operator norm ||Q _1 ||oo = inf g p |y 7 | — ]Wr 

Since Q is an interpolation of the sequence (c 7 ) by a step function, it is plausible that 
Q approximates well the inverse of Rr- The following estimate makes this precise by 
introducing osc[/ to the argument. Since V y C U and the jV^s are disjoint, we may 
estimate, for all f ETC, 

\\f-QRrf\\i = E / \m-m\ 2 dx 



7er 



- S / \oscu(f)(x)\' 2 dx 
= ll osc t/(/)ll2 



7 Vy 



Consequently, we obtain the upper bound of the sampling inequality (jSJ) for / G TC 

\\Rrfh 





WQ- 


-'QRrfh 


< 


WQ- 


-'WooWQRrfh 


< 


WQT 


•'lloodl/lh + H/ 


< 


\\Q~ 


'"lUl + eWh 




1 


■(l + c)ll/l|2. 


< 


\w\ 
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The decisive lower bound follows similarly by 

\\Rrfh > WQUWQRrfh 

> llOll» 1 (ll/l| a -||/-^r/|| a ) 

> H0ll» X (l-e)ll/l|2 

* M (1 " e 

Thus T is a sampling set for 7i. □ 

Remark 3.6. The theorem allows to estimate the tightness of the sampling estimate 
from above by 

W? (1 + e) 2 



\W\ 2 fl-e 



1 2 



The first quotient |?7| 2 /|iy| 2 is a measure for the uniformity of the sampling set V . For 
quasi-lattices it is |{7| 2 /|W| 2 = 1 and we may therefore call this case uniform sampling. 
In this case the tightness estimate in Theorem 13.51 depends only on the oscillation. 

The second quotient |^^ 2 depends on the density of V. Since oscu(f) — > as U — > 
{e}, high density (small U) improves the tightness of the sampling procedure. □ 

Theorem 13.51 and Lemma 13.31 yield the following existence result . 

Corollary 3.7. Let 7i be a leftinvariant closed space consisting of continuous functions 
that satisfy ||osc;7(/) || 2 < e||/||2 f or e < 1 and a suitable U G U e . Then there exists a 
sampling set for TC. 

A simple but useful trick for the derivation of oscillation estimates is the following 
observation: 



(10) 



os Cu (f*g)(x) = sup | / f(y)(g(y l x) - g(y 1 xz l )dy\ 
zeu Jg 

< / \f(y)\^P\9(y^x) - g{y~ l xz~ l )\dy 

JG z& 

<(\f\*os Cu (g))(x) . 



This can be combined with Theorem 13.51 to establish sampling theorems for a certain 
class of leftinvariant spaces. Similar arguments were employed in [Ti| I22j. 

Theorem 3.8. Let TC be a closed, leftinvariant subspace of L 2 (G). Assume that there 
exists a continuous g E L 1 (G) satisfying ||oscw<7||i < oo for some W G U e , as well as 
f — f * 9 f or a tt f € Then there exists U &U e such that every separated XJ -dense set 
is a sampling set. 

Proof. The continuity of g yields that oscu{g) — > pointwise, as U runs through a basis 
of U e . Since ||oscw<7||i < oo, and U e has a countable basis, the dominated convergence 
theorem applies to yield oscug — »• in the L 1 -norm. Pick U with Hosc^Hi < 1. Then 
inserting (fTUj) into Theorem 13.51 yields the desired statement. □ 
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4. Sampling Theorems and Discrete Series Representations 

In this section we consider a particular case of left-invariant closed subspaces of L 2 (G) 
that arise in the context of the representation theory of G. The reproducing kernel 
Hilbert spaces described in Theorem 12.21 occur naturally as the range of a (generalized) 
continuous wavelet transforms. These are obtained by the following procedure. Given a 
unitary representation (71", 7t„) and a vector r\ E H^, we define the (generalized) wavelet 
transform from Ti^ to L°° (G) by 

V n (p(x) = (ip,ir(x)r]) x E G . 

This operator maps vectors E 7i n onto representation coefficients of G. We call r\ 
admissible whenever V v is an isometry into L 2 (G). The properties of the regular repre- 
sentation of G lead to the following conclusions: (a) the space TL = V^iTi-,,) is a closed, 
leftinvariant subspace of L 2 (G), (b) V n intertwines (ir, 7i) and the regular representation 
L x restricted to V V (L 2 (G)), and (c) the projection from L 2 {G) onto H is given by right 
convolution with S = V v r]. See e.g. j2I] and the references therein for details. Now the 
construction of a sampling set for 7i is equivalent to the problem of finding T G G such 
that vr(r)?7 is a frame of 7i n . This question is referred to as the discretization problem for 
the continuous wavelet transform, and has attracted considerable attention [21 |H]- 

A special class of representations for which the construction of frames has been inves- 
tigated extensively are the so-called discrete series representations, i.e., irreducible 
square-integrable representations of G. These always possess admissible vectors. The 
papers [T3J HH1 1221 HI I2H1 E] are a small, but non-exhaustive list of papers where the 
discretization problem of discrete series representations has been studied. 

To our knowledge, the construction of frames from discrete series representations has 
been proven rigorously only under the additional assumption that the representation 
be integrable. The following result shows that all discrete series representations can be 
discretized and yield a construction of frames. Despite the widespread interest in this 
question, the result seems to be new (although it has been mentioned in [22J). 

Theorem 4.1. Let tc be a discrete series representation of G. There exists a vector 
7] E H n and U E U e (depending on r\ and n) such that (7r(7)?7) 76r is a frame for H w , 
whenever T C G is separated and U -dense. 

Proof. Let ip be an arbitrary admissible vector, 7^ = V^Ti^) C L 2 (G) and P be the 
orthogonal projection of L 2 (G) onto TLq. Choose h E C C {G) that projects onto a nonzero 
element of 7io- This means that Ph = V^t] for some non-zero r] E Ti^. Since V$ is an 
isometry and intertwines with the regular representation of G, we obtain 

V v (p(x) = ((p,ir(x)ri) 

= (PV^,P(L x h)) 
= {V^(p,L x h) 
= (V>*/i*)(x). 

Therefore V^(7r(,2)0) = V^(7r(z)0) * h* = L z (V^(fi * h*) = L z V v (f>, and is a (nonzero) 
bounded intertwining operator from TC n into L 2 (G). Since 7r is irreducible and 77 is nonzero, 
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Schur's lemma implies that V v is a scalar multiple of an isometry and that V v maps Tt w 
onto a closed leftinvariant subspace H C L 2 (G). 
We can now employ (|10|) to establish 

HosccrV^^lh < ll^^lhlloscc/^Hi = c^||K ? ^|| 2 ||oscc//i*||i , 

for a suitable positive constant c v ^. Since h G C C {G), the oscillation oscuh* is a bounded 
and compactly supported for all relatively compact sets U. In particular, oscfy/i* is 
integrable, and by choosing U small enough, we obtain c^,||oscj//i*||i < 1. This is exactly, 
what is needed to apply Theorem 13.51 We conclude that every separated and ?7-dense set 
r C G is a sampling set for H, and (7r(7)r]) 7e r is a frame for Ti^. □ 

Remark 4.2. It is easy to see that the set of rj for which the above argument works, is 
a dense subspace of H n . If in addition, n is integrable, then a different argument yields 
the existence of "frame vectors" rj [22] . 

For nilpotent connected Lie groups, all discrete series representations are in fact inte- 
grable; this follows by Theorem 4.5.11]. However, the semisimple Lie group SL(2,M.) 
provides an example of a discrete series representation that is not integrable. □ 

5. Paley- Wiener spaces on stratified Lie groups 

As a second application we use the oscillation method of Section 3 to derive sampling 
theorems on stratified Lie groups. In the setting of stratified Lie groups, the required 
oscillation estimates can be formulated and proved with particular ease. The intuition 
behind this approach is that the control over the sub-Laplacian entails control over all 
finite order left-invariant differential operators. Hence the oscillation can be controlled. 

We first recall some basic facts about stratified Lie groups and then define Paley- Wiener 
spaces on such groups. We refer to [TBI HZj for more details. We assume that G is 
a simply connected, connected nilpotent Lie group with Lie algebra g of dimension n. 
The Lie algebra is assumed to be stratified, which means that q is the direct sum of 
subspaces V\, . . . , V m satisfying [Vi, Vj] = Vj+i for 1 < j < m, where we use V m+ i = {0}. 
The homogeneous dimension of G is given by Q = Y^7=i3' (dimX^). We will use results 
from ^7J, and therefore we adopt the assumption Q > 2 made in that paper, noting that 
it only excludes the groups ffi. and R 2 , for which the sampling theorems derived below 
are known anyway. For the following, we fix a basis X±, . . . , X n of q that is composed of 
bases of the V 5 , i.e., X k e Vj for J^lZl dim(V r i ) < k < f% =1 dim(V^). 

If g is stratified, it possesses a one-parameter group of Lie algebra automorphisms 
defined as 

m m 

StC^Vi) = JVvi ,Vi e Vi . 

1=1 8=1 

We also fix a homogeneous norm, which is a mapping | • | : Q — > M + , fulfilling |5 t (X)| = 
t\X\ and | — X\ — \X\. Confer ^H] for existence. 

Since for simply connected, connected nilpotent Lie groups the exponential map exp : 
q — > G is a polynomial diffeomorphism with polynomial inverse, the dilations 8t on q 
yield a one-parameter group of automorphisms St of G, and a homogeneous norm |.| on 



SAMPLING THEOREMS FROM OSCILLATION ESTIMATES 



11 



G. (As is costumary, we use the same notation on g and on G.) The homogeneous norm 
fulfills \5 t {x)\=t\ OC I - I *1C I I Qlj |, and the triangle inequality 

(11) \xy\ < C A {\x\ + \y\) x,yeG, 

for some constant Ca > ^Sl Proposition 1.6]. The Haar measure is changed by the 
dilations 5 t according to the formula |<5t(A)| = t Q |v4|,v4 C G. Consequently, on L 2 (G) we 
have 

(12) ll/o^|| 2 = ^/ 2 ||/|| 2 . 

Next we consider differential operators on G. C k (G) denotes the space of k times 
continuously differentiable functions on G. We identify g in the usual manner with 
the space of leftinvariant differential operators of order one acting on C°°(G). We use 
the multiindex notation X a , for q G NJ, to denote the monomial differential operator 
I™ 1 ■ • • X" n of order |a| = YlT=i \ a i\i wriere the are the elements of the basis fixed 
above. Since 5 t acts on Vj by multiplication with P , all X^ are homogeneous, and 

(13) X i (fo6 t )=t j (X i f)o6 t for i i6 y/6r(G). 

Consequently, all monomial differential operators X a inherit a similar homogeneity prop- 
erty, 

(14) X a (foS t )=t d ^\X a f)oS t , 

where d(a) is a suitable integer > |a|. 

For the analysis on stratified Lie groups the so-called sub-Laplacian £ plays a dis- 
tinguished role. If £ = dim(Xi), then X\, . . . , Xg is a basis of V\, and the sub-Laplacian 
is defined as £ = —^21=1-^1- ^ i s well-known that £ extends uniquely from C^°(G) 
to a selfadjoint positive definite operator on L 2 (G). By the spectral theorem, we can 
associate to £ a projection- valued measure (or spectral measure), which we denote by 
H£. Following Pesenson [21], the Pal ey- Wiener space E W (G), for u > 0, is defined 
by = ric([0, uj])(L 2 (G)). Since £ is left-invariant, the projections II J c([0, u]) are also 
left- invariant, and therefore E u is a closed, leftinvariant subspace of L 2 (G). 

Example 5.1. If G = W 1 , then the sub-Laplacian is simply the Laplace operator —A. 
The Fourier transform yields the spectral representation (— A/)^(£) = |£| 2 /(0> therefore 
(Ha([0, uj])f)^(^) = X{t:\t\ 2 <u}\£\ 2 f (0 > an d 30 ^e Paley-Wiener space E u is identical to 
the space of "bandlimited functions" {/ G L 2 (R n ) : supp / C B^j}. 

This example illustrates that E U (G) is a reasonable generalization of the usual notion 
of Paley-Wiener space on W 1 . 

The following theorem summarizes the main property of E u that is required for the 
derivation of sampling theorems. 

Theorem 5.2. For all to > 0, E u C C°°(G). For every a G Nq ; the differential operator 
X a : E u -> L 2 (G) is bounded. 

Proof. The domains of the powers of the sub-Laplacian define a scale of Sobolev spaces 
S 2 (s > 0) [T7]. The Bernstein inequality [23 Theorem 1] states for all / G E u and all 
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k e N that \\C k f\\ < oo k \\f\\, in particular E u C S% k . This holds for all k > 0, hence 
E u C C°°(G). Now by Corollary 4.13 of [T7] the Sobolev norm, for fixed k G N, 

Il/l| 2 ,2, = ||/|| 2 + ||/: fc /ll2 

is equivalent to the norm 

|a|<2fc 

Consequently, the Bernstein inequality implies for all / G E u 

£ ll^/l|2<C^||/|| 2 , 
|a|<2fc 

with a constant C independent of /. □ 
Our goal is to establish a sampling theorem for the Paley- Wiener space E W (G). In view 
of Theorem 15 . 21 the basic strategy is to derive a uniform L 2 -estimate for the oscillation of 
/ G E u . Applying suitable dilations S t to a [/-dense and ^-separated set r C G, we can 
produce a set St(T) of any required density, while preserving the uniformity. It is then 
plausible that the tightness of a sampling estimate improves with increasing density. 

Therefore we try to derive estimates of osc(£7) as a function of the diameter of U. 
As a tool we will use the mean value theorem, which is the simplest version of Taylor's 
formula for G, and Sobolev-type estimates. We cite the mean value theorem, which is a 
left-invariant version of fHl 1-33]. 

Lemma 5.3. Let G be stratified. There exist constants C > and b > 1 such that for all 
f G C l (G) and all x,y G G, 

\f(xy)-f(x)\<C\y\ sup \X 3 f(xz)\ . 

kl<%|,i<i<n 

Next we state a Sobolev-type estimate for the comparison of a local uniform norm and 
the L 2 -norm. Given any function / on G, U C G, we write = 11/ • Xu\\p f° r the 

local L p -norms. 

Lemma 5.4 (0, Lemma A. 1.5). For each compact set K C G there is a constant Ck 
such that 

ll/lk* <C K J2 \\ x °fh , V/ G C?(G) . 

\a\<n 

For the derivation of oscillation estimates, we will need a local version of this lemma. 

Lemma 5.5. Let K C G be relatively compact, and suppose that U D K is open and 
relatively compact. There exists a constant Ck,v suc -h that for all f G C°°(G) 

(is) imu,*< ( 2n Y /2 cw(£ ii^vii^) 172 - 

KTl/ \a\<n 
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Proof. Fix V e C C °°(G) with if>\ K = 1 and ip\ GXU = 0. If / e C°°(G), the Sobolev 
estimate of the previous lemma implies the estimate 

||/||oo,K = \\f-1p\\oo,K 

< C K J2 \\X a (^-f)h,G 

\a\<n 

= C K W xa (^ ■ f)hu 

\a\<n 

< C^Ck ||A Q /|| 2 ,t/ • 

\a\<n 

Applying the (discrete) Cauchy-Schwarz inequality, we find that 

(is) ||/IU,^ < c„ c^ >c/ ( ^ ll^ a /lli,c/) 1/2 - 

\a\<n 

Here C Kja = C K C^ } C n = card {a e N™ : |a| < n} 1/2 = ( 2 ™) 1/2 < 2™- 1 / 2 , and the latter 
constant depends only on the dimension of G. □ 
In the following it is understood that Ck,u is the optimal constant. The next lemma 
investigates the behavior of this constant under translations and dilations. 

Lemma 5.6. Let K C U, with K and U relatively compact and U open. Then 

(i) C xK!xU = C KJU for allx eG. 

(ii) If0<r<l, then 

Cs r (K),s r (u) < r^ Q ^ 2 Cx,u ■ 

Proof, (i) is clear, since the differential operators X a are left-invariant, 
(ii) The inequality follows from 

\oo,8 r (K) — \\f $r\\oo,K 

'2n\ l/2 „ / ^ . _.,„ \i/2 



< 



n 



C K ,u(Yl \\X°(f ° Will 



\a\<n 

2n\ 1/2 „ ( ^ .,.„.,,„ ., N i-2 

n 



2 

r\\2,U 



\a\<n 

where we used the homogeneity relation (|14jl. As r < 1, we continue 



n , 

\ct\<n 

/2n\ 1/2 

< 



2 

r\\2,U 



\a\<n 

\a\<n 

^- Q/2 (£ii(* a /)ii^ 



< 



n 



|a|<n 
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where the last equality is an application of (fT2Jl . Since Cs r (K),s r (U) is t ne optimal constant, 
the conclusion follows. □ 
The following lemma contains the central estimate for the oscillation of functions in 
the Paley- Wiener space. We will write B e = {x G G : \x\ < e} for the homogeneous ball 
of radius e centered at e. All oscillation estimates below are formulated with respect to 
these balls, which are symmetric and relatively compact sets |TT1 Lemma 1.2]. 

Lemma 5.7. There exists a constant Cg depending only on the group G such that for all 
f G Ei and all < r < 1 the oscillation estimate 

(17) ||osc Br (/)|| 2 <rC G ||/|| 2 
holds. The constant Cg > can be chosen to be 

(18) C G =(^) 1/ \ Q/ % Q/2 C Bb , B jB l \^ W^h^HG), 

^ ' l<|a|<n+l 

where b is the constant from Theorem \5.cll 

Proof. We first apply Lemma [5.31 and estimate 

osc B J(x)\ 2 dx = / sup \f(x) - f{xy~ x )\ 2 dx 

G JG \y\<r 



< r 2 

l<j<n 

Next the Sobolev estimate (|T5j) allows us to continue 

'2n 



< / sup| y | <r |?/| 2 sup \Xjf(xz)\ 2 dx 
JG [*[<%|.i<j<w 



< r 2 



r 2 



/ C 2 BrbxB2rb E \\X a f\\t tX B 2rb dx 

JG l<|a|<n+l 

\n) C Brb,B 2 rb I E W Xa fWl,xB 2rb dX , 



l<M<n+l 



Applying the Lemma f5 .61 we can continue by 

- < r2 ~ Q Cn) C l,B 2b E / / \X a fM?dydx 

V / l<H<n+l JG JB2rb 

^ ' l<|o|<n+l 

( 2 ;) (2,*)«CI > . B JB 1 | £ 11^/113 



< r 2 ^||/||^ 



1<H<71+1 



In the last step we have used the boundedness of differential operators on E± by Theo- 
rem E2l □ 



SAMPLING THEOREMS FROM OSCILLATION ESTIMATES 



15 



Now it is easy to prove a sampling theorem for Paley- Wiener spaces. We first give a 
version for arbitrary nonuniform sets. 

Theorem 5.8. Given a band-width u > 0, choose s < r < min(C^ Then 
every B s -separated and B r -dense set Y C G is a sampling set for E u . In particular the 
sampling inequality 

(19) -rg-p (1 - rV^Ca) 2 \\f\\l < l/WI 2 < Tgy(l + ^C G f \\f\\\ 

holds for every f G E w . 

Proof. Assume first that u = 1. Then by Lemma [5.71 the r-oscillation of / G E% is at 
most rCc- Choosing r < min(Cg 1 , 1), Theorem 13.51 is applicable and yields the sampling 
inequality (fT9"j). 

The extension to arbitrary u; is obtained by a dilation argument. For t > let 
denote the unitary dilation operator / i— > t~®l 2 f o 5 t -i. 

We claim that Ut{E u ) = E t 2 u . To see this, we note that by (fTB"j) and (JUjl the sub- 
Laplacian is 2-homogeneous and thus satisfies U t C = t~ 2 £U t . Since the spectral measure 
is unique, we conclude that U t Hc(A) = licit' 2 A)U t for any Borel set A C G and t~ 2 A = 
{t~ 2 r : r E A}. As a consequence, 



=U t Yl c ([0,u])(L 2 (G)) = U c ([0,r 2 u;])U t (L 2 (G)) 
[ } =n £ ([0,f 2 W ])(L 2 (G)) = ^. 

For the reduction of the general case ui > to u = 1 we choose t = y/u. If T C G is 
separated and _B r -dense, then (^^r is 5^ s -separated and Br^ T - dense. Since r^/u < Cq 1 , 
5^Y is a sampling set for E\. Now take an arbitrary f G E u , then by (J2UJ) Ug^. G 
By the special case w = lwe obtain that 

1 'i- r ^c G ) 2 \\u^f\\i< 



2 



7er 7 er 



< 



1 



<l + r^C G ) 2 \\U^f\\ 



2 



— |2 V ' V ^ ^ G / II^VwJ 112 



Since ?7 t is unitary, and |S r | 2 /|S^j r | 2 = Q = | _B S | 2 / 1 -S^zzrs | 2 , we have proved (fTHj) for 
all w > 0. 1 □ 

Remark 5.9. At first glance, the dilation property of E u is unexpected, therefore it is 
instructive to formulate Theorem 15.81 explicitly on M. n . On IR n , E w = {/ G L 2 : supp/ C 
B^}. life E u , then (t/JRO = * n/2 /(*£) and supp^fC B^. 

For G = M n , Theorem 15. 81 contains a celebrated theorem of Beurling [7j. He proved (in 
our normalization) that if r^/uj < tt/2 and r C R" is separated and 5 r -dense, then T is 
a sampling set for E w . The beauty of Beurling's Theorem is that the density condition 
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is sharp, whereas our condition r^/ZJ < Cq 1 is weaker. In our experience, oscillation esti- 
mates do not lead to sharp density results, their strength lies in the general applicability. 

□ 

Theorem 15.81 treats the general case of nonuniform sampling in E u . In this case the 
tightness of the sampling estimate possesses the upper bound j^ r j 2 nz^^g^ • Next we 
treat the case of uniform sampling, i.e., sampling on quasi-lattices, where better estimates 
can be derived. 

First we show that quasi-lattices always exist in a simply connected solvable Lie group. 
By contrast, a nilpotent Lie group allows the existence of a discrete co compact subgroup 
only if it has rational structure constants (see e.g. 9\ for this well-known theorem of 
Malcev). 

Proposition 5.10. Let G be a simply connected, connected solvable Lie group. Then 
there exists a quasi-lattice V C G. 

Proof. We proceed by induction over the dimension of G. The one- dimensional case 
is obvious by taking the lattice Zcl. 

For the induction, choose a (connected) normal subgroup iV < G of codimension one. 
Then we can write G = N x R, where R acts via a suitable homomorphism a : R — ► 
Aut(A) and the group law on G = N x R is (n, t)(m, s) = (nat(m),t + s). By induction 
hypothesis, there exists a quasi-lattice Tq G N and a (relatively compact) complement 
C C N c G. 

We set 

r = {(a,(7),l): 7 Gro,leZ} 

and 

C = {(n,t) : neC ,te [0,1)} . 
We claim that T is a quasi-lattice in G with complement C. 

Let (m, s) G G = N X R be arbitrary. We can write s = £ + t for unique £ G Z and 
t G [0, 1). Likewise, since r is a quasi-lattice in N, there are unique 7 G T and n G C 
such that 7n = a_^(m) G N. Then (m, s) = (a^n) , £ + 1) = (ai( n f),£)(n,t) G TC Thus 
TC is a covering of G, and the uniqueness of the factorization implies that the covering 
is disjoint, in other words, T is a quasi-lattice. □ 

The final result of the paper is devoted to regular sampling. We observe that here 
the tightness of the sampling estimate approaches the optimum as the sampling density 
increases. 

Theorem 5.11. Let V < G be a quasi-lattice, and uo > 0. Let C C G be a complement 
o/r satisfying C C B s for a suitable s > 0. Then S r (T) is a sampling set for E^, as soon 
as r satisfies r < min(s~ 1 c<j _1 / 2 , s~ 1 uj~ 1 / 2 Cg) ■ The tightness of the sampling expansion is 

Proof. We only consider u — 1, the general case follows just as in the proof of the 
previous theorem. As C is a complement of T, 5 r (C) is a complement of S r (T), due to 
the fact that 5 r is an automorphism. Moreover C C B s implies oscg r (c)(f) < osc B rs (f)- 
Hence ©, with U = W = S r (C), yields the desired statement, including the tightness 
estimate. □ 
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Remark 5.12. We expect that the arguments employed here for the L 2 -case should be 
adaptable to yield Plancherel-Polya-type results for the L p -setting, for 1 < p < oo. □ 
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